Weighted residuals FEM: steps

Form integral equation for PDE

Integrate by parts (reduce derivatives on dependent variable)
Finite element approximation (basis functions; Galerkin weights)
Evaluate element integrals

Assemble global matrices

Apply boundary conditions

Solve global equations

(Evaluate RHS terms: e.g. fluxes)



Diffusion equation (e.g. heat equation)
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Weighted residuals (1D diffusion)
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Integration by parts (in 2D or 3D — Green-Gauss theorem)
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Finite element discretisation (1D diffusion)
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Galerkin approach

Consider 3D space .. and a vector lying in 3D space

Note: R is minimum when perpendicular (orthogonal) to axes (space) that defines u.

In function space, orthogonality is j Rw.dx =0

For Galerkin F.E., we choose w = iy, s, g



Galerkin FEM (1D diffusion)
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Global matrix assembly
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1D Example: Global equations

Solve: U, =0, U, =0.2885, U, = 0.6098, U, = 1
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1D Example: solution accuracy

d
flux entering node 1 = — (P’f) = —0.8496
FEM solution: U; =0, U, =0.2885, U; =0.6098, U, =1 . - =0
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FIGURE 2.2: Finite element solution of one-dimensional heat equation.



3D weighted residuals: example
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2D element stiffness matrix: example
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Apply FE approximation, and Galerkin assumption: Chain rule:
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2D global assembly: example
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2D global-to-local mapping: example
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FIGURE 2_3: Mapping each {2 to the £y, £2 plane in a 2 < 2 element plane.



