
Weighted residuals FEM: steps

1. Form integral equation for PDEg q

2. Integrate by parts (reduce derivatives on dependent variable)

3. Finite element approximation (basis functions; Galerkin weights)

4. Evaluate element integrals

5. Assemble global matrices

6 A l b d diti6. Apply boundary conditions

7. Solve global equations

8. (Evaluate RHS terms: e.g. fluxes)



Diffusion equation (e.g. heat equation)

e.g.

where the residual Or

With B.C.s: analytic solution is:



Weighted residuals (1D diffusion)

e.g.

Integration by parts (in 2D or 3D → Green-Gauss theorem)

LHS



Finite element discretisation (1D diffusion)

For 3 element mesh: 
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Change of coordinates:

Where    is Jacobian

Change of coordinates:

Now LHS = within each element.



Galerkin approach

R=0

Consider 3D space .. and a vector lying in 3D space
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Note: R is minimum when perpendicular (orthogonal) to axes (space) that defines u.

In function space, orthogonality is

F G l ki F E hFor Galerkin F.E., we choose 



Galerkin FEM (1D diffusion)

LHS =

= =

where

Element stiffness matrix

where

For example



Global matrix assembly

element 3element 2element 1

node 1 2 3 4

X X Xnode 1 00 U1

X+X +XX X Xnode 2 0 U2 =0

=

2

+X X +XX X Xnode 3 0 U3 =0

X X Xnode 4 0 0 U4



1D Example: Global equations

Ku = f
Apply B.C.s:

Solve:  U1 = 0, U2 = 0.2885, U3 = 0.6098, U4 = 1 



1D Example: solution accuracy
FEM solution:  U1 = 0, U2 = 0.2885, U3 = 0.6098, U4 = 1 

Analytic solution:



3D weighted residuals: example
Steady state heat conduction (diffusion equation):

Isotropic:

Weighted residuals: Ω is volume domain; Γ is boundary

Integration by parts (Green-Gauss Theorem):

Weighted residuals: ; y

g y p ( )

yields:yields:

where and



2D element stiffness matrix: example

Weighted residuals:

Apply FE approximation, and Galerkin assumption: Chain rule:

element stiffness matrix

e.g. heat flow in a unit square:



2D global assembly: example
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2D global-to-local mapping: example


