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1. INTRODUCTION
Geometric transformation of objects can be put into three categories as follows.

1. Euclidean Transformation

2. Affine Transformation

3. Projective Transformation.
This document discusses first two transformations and their implementation in the finite element
meshes.
2. EUCLIDEAN TRANSFORMATION
In Euclidean transformation, only translations and rotations are considered.

2.1 Trandation

Let us consider a point in space with its global coordinates being x,y,z. After applying translations
of Ax, 4y and Az in the directions of X,Y and Z, the new coordinates of the point are,

X, = X+AX
Y, =y +A4y
z, =z+Az
In matrix form,
xO O 0 0 AxOxO
0 04,0
Sltﬂzg) 10 AyDB/D (2.1)
Et‘% 0 0 1 Az%&%
O %) 00 15%5

Here we work with a 4 x 4 square matrix so that we can always determine the inverse-
transformation.

2.2 Rotation

A rotation could be about X,Y or Z axis. In aright-handed coordinate system, rotation about X and
Z axes are similar as the positive direction of angle is in the anti-clock wise direction. However,
for the rotation about Y axis, in the same right-handed system, in the anti-clock wise direction the
angle measure is negative.



Let us assume the rotation about X, Y and Z are 6, a and [ respectively.

Rotation about X axis (only y and z coordinates change and x will remain unchanged),

y=Rcosa : z=Rsha (1)
y, =Rcosb : z =Rsinb (2)
6=b-a

y, =Rcos(@+a) : z =Rsin(@+a)

Yt = R.cosf.cosa—R.sind.sina (3)
z, =Rsinf.cosa+ R.cosf.sina 4)

Substituting (1) & (2) into (3) & (4)
Y, = y.cos@-z.sing

z, =y.snf+zsnb

y,0_[eosfd -snéIyO

Ha %: %ine cosé %ZH

Figure 2.1 Rotation about X axis By
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Similarly for rotation about Y axis,
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Note that equation (2.3) was obtained by substituting —a for 8 in equation (2.2).



3. AFFINE TRANSFORMATION

Affine transformation handles not only translation and rotation but scaling and shearing as well.

3.1 Scaling

Let us assume that the scaling factors in the X,Y and Z directions are S,, S, and S, respectively.
The transformation is given by,

x0 8, 0 0 0OxO

O O 0.0
o0 S 0 oo
0 00 0 S, OO
ENE 00 O
Mo o0 0 0 1gdng

4. COMBINED TRANSLATION, ROTATION AND SCALING

(3.1)

The final position of a transformation that consists of several basic transformations (trand ations,
rotations etc.) depends on the order of the individual processes. For instance, a rotation of 30°
about Y axis followed by a trandation of 50.0 units in the Z direction is different when the
transformation is performed in the reverse order. This phenomenon can be explained either
algebraically or geometrically. Algebraicaly, it is due to the simple fact that the commutative law
does not hold for the product of two matrices. i.e.

[A]x[B]# [B]x[A]

In CMGUI, atransformation is performed in the following order.

a. Rotation about X
b. Rotation about Y

c. Rotation about Z followed by
d. Trandationin X,Y and Z.

Thus, any transformation that is intended to be viewed in the CMGUI must be performed in the

above order.

Putting these individual transformations in above order we can determine the overal

transformation matrix.

x0O 05, 0 O OO O O AxOmosB -sinfp O
o d O L
S/ID:DO s, 0 ODB) 10 Aym_%mﬁ cosB 0
0 00 0 S, o0 0 1 Az[D 0 0 1
El% Eo 0 0 1%%) 00 1%%0 0 O
scaling(5) trandation(4)  rotation about Z(3)

Here the scaling is the last operation and the rotation about X isthe first operation.
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Equation (4.1) can be further ssimplified to give,

% O [cosa.cosB)S, (sn@.sina.cosf-cosf.snpB)S, (cosb.sina.cosp +sin9.sin,8) S, AxOXO
S/t B: Hcosaf.sin,B).Sy (sin@.sina.sinB+cosB.cosp)S, (cosb.sina.sinp-siné.cosp).s, AymglD

0 O (-sina)s, (sin6.cosa)s, (cos@.cosa).s, Az[T0

0 d o DE}LD

Mo 0 0 0 0 100
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Equation (4.2) is the overall transformation for rotation about X,Y and Z and translation and
scaling along the same axes.

5. TRANSFORMATION OF DERIVATIVES

Differentiating equation (4.2) with respect to &,

X EE Oox O
& E r{cosa. cos,B) (sné@.sina.cosp -cosh.sinB).S, (cosh.sina.cosf+sind.sinB).S, [ 51%
%ﬁ%%gz gcosa sinpB)S, (siné.sina.sinB+cosb.cosp)sS, (cosH.sina.sin,B—sinH.cos,B).Syg%ang
5 E g (-sina). SZ (siné.cosa).s, (cos@.cosa).S, B0 az
%ﬁﬁ% g @51 E
(5.1)

Since Ax,4y,Az,6,a,8,S.,S, and S, are independent of local coordinate ¢, they are treated as
constants in the process of differentiating. Also note that translation terms Ax,Ay and Az are not
present in equation 5.1.

Similarly, new (transformed) derivatives with respect to & and higher order derivatives, such as
2

are given by,

&€,



rfcosa.cosB).S, (sin@.sina.cosB -cosh.sinB).S, (cosh.sina.cosp +sind.sinB).S, ]

S« Sy
=gcosa.sin,8).sy (siné.sina.sin B + cosé.cosB).S, (cosH.sina.sin,B—sinH.cos,B).Syg

g (-sina)s, (sin.cosa) s, (cos@.cosa).s, B
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